Unlike atoms in a lattice, the spacings between neighboring qubits in a superconducting qubit chain are not uniform. Inside a circuit cavity, the interaction between this quasi-lattice chain of qubits and the cavity field is geometrically dependent on the particular circuit layout. The quasi-particle excitation modes that arise in the chain cannot be derived using traditional models. By proposing a projection-deformation method, we analytically give the eigenstates of the excitation modes of arbitrary distribution of coupling strengths. We further show that the quasi-particle permits a set of multi-photon resonances between different photon Fock states and quasi-lattice angular momentum states, which preserves the total number of excitations in the cavity. Such resonances lead to simultaneous generation of different types of multipartite entanglement states, such as the GHZ state and the W state. Using concurrence and 3-tangle as metrics, we find that non-uniformity increases the generated entanglement through the asynchronous excitations of the qubits.
Introduction -Qubits developed on superconducting quantum circuits proves to be a perfect analog of a twolevel atom [1] . Various peculiar qubit types have been used to demonstrate many equivalent superconducting-circuit versions of optical effects involving atom-photon interaction [2] , such as lasing [3, 4] , electromagnetically induced transparency [5, 6] , and parametric amplification [7] . Recently, the principles of cavity electrodynamics (QED) has been applied to the study of entanglement in superconducting circuits [8] . The successful generation of entangled qubit states is the key to the rapid development of solid-state quantum computers [9, 10] .
To be exact, the execution of quantum algorithms rely on the generation of multipartite entanglement states among qubits, which is realized by many-atom single-photon-mode interaction through the famous Dicke model and TavisCummings (TC) model [11] . The necessity for the reliance is due to the strong coupling between the atom (qubit) and the cavity mode (on-chip waveguide resonator mode) predicted by the models via a factor √ G where G increases with the density of the atomic condensate (qubit groups). The optical version of the effect has been thoroughly studied [12] [13] [14] [15] whereas the circuit version has seen few [16] .
The major reason is that, unlike the atoms, the qubits aligned along a waveguide resonator as a cavity have nonuniform spacings because of limited fabrication technologies and non-uniform coupling strengths because of the cavity mode wavelength being comparable to the spacings. In other words, it is the mesoscopic nature of the superconducting circuits that renders a chain of qubits a quasi-lattice, whose interaction with a cavity photon cannot be analyzed using the existing models. To address this issue in this letter, we introduce a projection-deformation method based on a preliminary model we have studied [17] , which effectively make the quasilattice to cavity mode interaction Hamiltonian diagonalizable. The eigenstates thus found are the states of the quasi-particle excitations of the quasi-lattice, each of which is a superposition of different photon Fock states and product states of all qubits, conserving a total "excitation" number.
These excitations permit various multi-photon resonances of the cavity with the quasi-lattice, allowing the generation of entangled states not only of the W-type, but also of the GHZ-type among the qubits. Since these two types of entanglements are inequivalent to each other [18, 19] , i.e. one cannot obtain one state from the other through local operations with classical communications (LOCC), the ability to generate both without complex quantum gate routines will benefit the development of quantum computers. Moreover, if the TC-coupling is inhomogeneous, the mechanism to generate W states becomes faster [20] . With the eigenspectrum of the quasi-particle excitations, we will see this mechanism applies equally well to GHZ states and the speedup through the inhomogeneity can be quantified through a deformation factor about the SU(2) algebra. The discussion here also applies to other systems of non-uniform coupling, such as electron spins [21] .
Quasi-lattice -To identify the problem more clearly, we consider the following interaction Hamiltonian
where g j = g k for j = k in general. In the equation, a denotes the annihilation operator for the cavity mode and σ j,+ the spin-up operator for the j-th atom or qubit. The non-rotating terms are discarded because we assume each g j operates in the weak-coupling regime and N is not sufficiently large on the mesoscopic scale to warrant collective effects on the virtual photon processes.
In the ideal case of atom-field coupling in a mesoscopic lattice, the ratio or relative spacing ℓ = 2L q /λ p of the lattice spacing L q to the cavity-mode wavelength λ p is a fixed fraction (the factor 2 is added to simplify the mathematical expressions given below). The dipole-field coupling has an explicit sinusoidal dependence: g j = g cos(jπℓ), as illustrated in Fig. 1(a) , where the index j can be considered as a dimensionless integer coordinate in units of L q . Using the terminology of solid-state theory, we can also regard j as the equilibrium positions. In a non-ideal quasi-lattice, the qubits in place of the atoms bear position deviations from each of the equilibrium positions. Consider each dimensionless deviation x j as a random variable whose value is small compared to the coordinate j. The coupling factor that results is of the form cos(j + x j )πℓ, shown in Fig. 1(b) with the same number of lattice points in (a). Fig. 1(c) demonstrates the position dependence of g j on ℓ more clearly for a N = 3, ℓ = 2/3 quasi-lattice. Therefore, by either variably spacing the qubits or controlling the harmonic modes in the cavity, different sets of qubits will be driven at different Rabi frequencies.
If each qubit is driven at the same rate by the cavity mode, neighboring qubits will become fully excited at equal rate. Spontaneous radiation rates of all the qubits reach maximum synchronously in the quasi-lattice. Consequently, the probability of simultaneous absorption of multiple photons is low. In contrast, if the quasi-lattice is non-uniform with the qubits driven at inhomogeneous rates, neighboring quits will become fully excited asynchronously. That means while some qubit is spontaneously radiating photons, other qubits which are not totally excited have high probability to either absorb the cavity photons or reabsorb the radiated photons. This circumstance leads to a high probability of multi-photon resonance of the cavity mode with the ground state of the quasi-lattice.
Quasi-particles -To verify that the non-uniform coupling indeed increases the probability of multi-photon resonance in the qubits, we can examine the eigenspectrum of the collective quasi-particle excitations in the quasi-lattice. For such collective excitations, each quantized energy level does not correspond to the energy level of the excited state of a particular qubit, but to a delocalized probability excitation level of the quasi-lattice as a whole.
To give the analytical expressions for the eigenstates of the quasi-particles, we write Eq. (1) as H int = g(S + a + S − a † ) where g = max({g j }). The operators S ± = j η j σ j,± with η j = g j /g can be regarded as the ladder operators on the total spin angular momentum. Correspondingly, the free Hamiltonian can be written as H 0 = ω q S z + ω 0 a † a, where S z = j σ j,z accounts for the spin magnetic moment. ω q and ω 0 are, respectively, the level spacing for all qubits and the frequency for the cavity mode.
In order to make the interaction block-diagonalizable as that in TC-model, the set of operators {S ± , S z } must conform to a SU(2) Lie algebra. Nonetheless, since [S + , S − ] = 2S z because of the non-uniform coupling in the quasi-lattice, we should approximate the set as a deformed algebra by projecting the commutator into the SU(2) group manifold through a trace over the Hilbert space spanned by the quasi-lattice. This method associates with the deformation of the Bloch sphere S 2 , which is the two-dimensional projection of the 3-sphere S 3 isomorphic to SU(2), into an ellipsoid and we call this method the projection-deformation (PD) method. The degree of elongation of the resulting ellipsoid from the original 2-sphere is the deformation factorf = After the PD process of SU(2), the diagonalized Hamiltonian in Eq. (1) has eigenvalues
for a quasi-particle "excitation" number u = n + m, which is distributed among the photon count n from the cavity field and the spin moment m from the quasi-lattice. Since we have adopted the angular momentum model, u can take either integer or half-integer values greater than (−N/2). The second term ε accounts for the detuning ∆ω = ω 0 − ω q , between the cavity photon and each qubit, and the lattice-photon interaction with maximum coupling strength g. Hence, it is a function of both of these two numbers. At resonance, i.e. ∆ω = 0, this energy part ε will be a multiple of g only. Without ε, the eigenstates for each E u has a (u + r + 1)-fold degeneracy distributed among different combinations of 
where r = N/2 is the total spin number for N qubits. That means, the finite interaction splits each degeneracy into finer levels with splitting ε, analogous to ac-Stark shifts to an atom. Both this splitting ε and the coefficients c n are determined a posteriori by a recursive relation
with conditions c u+r+1 = c −1 = 0, where α r,m = (r − m)(r + m + 1) are the off-diagonal elements of the ladder operators. The initial value c 0 can take arbitrary value since the subsequent coefficients are all multiples of c 0 , hence it can be regarded as a constant appropriately chosen for normalization. The analytical expressions for c n and ε can be found by treating Eq. (5) as a difference equation, which can be derived using the routine introduced in Ref. [17] .
Multi-photon resonances -To generate entanglement of the qubits, the cavity photon is brought into resonance with the quasi-lattice. In the case of superconducting quantum circuits, this is achieved by sending a pulse signal into the qubit such that the qubit level spacing is tuned in-resonance with the waveguide resonator [10] . Close to the cavity-qubit avoidedcrossing point, the cavity field dresses the quasi-lattice states into a series of clusters of states, grouped by the value of u. For the N = 3 case in Fig. 1(c) , this dressing process is illustrated in Fig. 2(a) , for which the clustered u = 3 2 excited level is split into four sublevels for the four values of the splitting ε.
Equivalently, the total system are quantized into excitonpolariton states given in Eq. (4), which are sums of product states that conserve the excitation number u between the photon Fock states and the quasi-lattice angularmomentum states. Within each u, the shared excitation forms single-photon resonance between the states |n = u + r and |n = u + r − 1 as well as multi-photon resonances between states |n = u + r and |n = u − m where m > −r + 1, with a Rabi frequency being g on average. Therefore, in general, if we pump multiple photons into the cavity (for example via the second excitation state of a qutrit for 2-photon resonance), different classes of inequivalent entanglement states can be generated simultaneously, each with a different probability. For the case of N = 3, this means the quasi-lattice at ground state through a triple-photon process to generate the |GHZ state and 3 2 , − 1 2 through a single-photon process to generate the |W state. These two processes are illustrated on the left side of Fig. 2(a) . The states of the qubits in We have discussed that the non-uniform coupling leads to variable multi-photon resonance such that the generation of multipartite entanglement states depends on the spacing ℓ, where asynchronous excitations of the qubits actually benefit the generation of |GHZ state. This effect can be shown through the coefficient distributions determined by Eq. (5). We consider again the typical three-qubit case and specifically two coefficients {c 0 , c 3 } for the clustered dressed state u = 3 2 , where they associate with the two eigenstates |↑↑↑ and |↓↓↓ of the |GHZ state, respectively. The analytical solution to the two coefficients is subject to a common normalizing factor and their ratio can be compactly written as
Their numerical solutions for the highest split state of ε are plotted in Fig. 2(b) against the relative spacing ℓ in one axis and against the detuning ∆ω in another. In the Figure, g is set to 85.7MHz and σ to 0.0533, which are taken or calculated from the data given in Ref. [16] . We observe that at exact qubit-photon resonance or positive detuning, the coefficient c 0 for the all spin-up state is close to zero, meaning the probability of triple-photon resonance is low. In the range of negative detuning, which is the normal case for ω 0 is usually less than ω q , c 0 starts to increase while the c 3 for the all spin-down state (or the ground state of the quasi-lattice) correspondingly decreases. The effect of the non-uniform coupling is reflected by the deformation factor f in Eq. (6) , where the ratio can be expanded as a polynomial with roots indicating locations of extrema. The numerical solution given in Fig. 2(b) shows that c 0 obtains maximum at about ℓ ≈ 0.3 and ℓ ≈ 0.7, both numbers implying irregular spacings. This verifies our prediction that irregularity of the qubit spacing in the quasi-lattice increases the chance of multi-photon absorptions.
Multipartite entanglement-The entanglement among the three qubits that results from the multi-photon resonances also increases. Figure 3(a) plots the tripartite concurrence of pure state entanglement as a function of ℓ for three detuning values of ∆ω, using the definition given by Carvalho et al. [22] that generalizes the original bipartite concurrence given by Wootters [23] . Other parameters are set to the same values of those used in Fig. 2(b) .
For the three values of detunings, the concurrences are all close to the maximum attainable value of 1.25, showing that the resonance between the quasi-lattice and the cavity photon generates highly entangled states among the qubits. It is particularly noticeable that the concurrence peaks at the same values of ℓ as those for the coefficient c 0 , showing that multiphoton absorptions facilitated by non-uniformity also assist entanglement generation.
Since the absorbed photon does not discriminate the individual qubits, in other words, one exciton-polariton state of the quasi-lattice has equal probability of excited levels in any one of the three qubits, the entanglement generated is symmetrically distributed among all three qubits. Therefore, the probability of generating |GHZ entangled state, which requires excitation of all three qubits at the same time, is greatly increased. To show this numerically, we use the metric 3-tangle introduced by Coffman et al. [24] as it quantifies the three-party total non-separability of quantum states while concurrence accounts for both partial and total non-separabilities. To be exact, 3-tangle is non-zero only for |GHZ state and zero for |W and other states [18, 25] . Figure 3 (b) plots 3-tangle for the same three detunings and similar trends of variation as those in Fig. 3(a) are visible. Though we can observe the non-uniformity does not contribute a dramatic increase in concurrence, its contribution to 3-tangle is apparent. For example, at ∆ω = 92MHz, 3-tangle is close to zero when the quasi-lattice is uniform at the two ends of abscissa; whereas at the ℓ = 0.3 peak, the increase in 3-tangle is about 94-fold.
Conclusion-To summarize, we have introduced a grouptheoretic method called projection-deformation to find the eigenstates of quasi-particle excitations in a non-uniformly distributed quasi-lattice of qubits. We show that adjusting the cavity-qubit detuning and the non-uniformity of the quasilattice can increase the probability of multi-photon absorption. Furthermore, assisting this absorption helps generate the |GHZ state that is important to the development of quantum computation.
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